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The purpose of this article is twofold. First, we extend the results presented in [1] to station-
ary spacetimes. Specifically, we show that the Gauss-Bonnet theorem can be applied to describe
the deflection angle of light rays in plasma media in stationary spacetimes. Second, by using a
correspondence between the motion of light rays in a cold non magnetized plasma and relativistic
test massive particles we show that this technique is not only powerful to obtain the leading order
behavior of the deflection angle of massive/massless particles in the weak field regime but also to
obtain higher order corrections. We particularize it to a Kerr background where we compute the
deflection angle for test massive particles and light rays propagating in a non homogeneous cold
plasma by including third order corrections in the mass and spin parameters of the black hole.
PACS numbers:
I. INTRODUCTION
General relativity is a geometric theory of gravitation
which predicts the existence of black holes (BHs). BHs
are extremely important astrophysical objects charac-
terised by many astrophysical processes. For example,
they are important to explain the formation of extra-
galactic jets from a black hole accretion disk and tidal
disruption of stars by supermassive black holes, to study
the deflection of light and particles, but also to explore
various predictions of quantum field theory and quan-
tum gravity through Hawking radiation. The recent an-
nouncement of the first image concerning the detection
of an event horizon of a supermassive black hole at the
center of the neighboring elliptical M87 galaxy by the
Event Horizon Telescope (EHT) collaboration is a great
triumph of general relativity [2–7]. In general, the image
of a black hole with a surrounding accretion disk appears
distorted due to the strong gravitational lensing effect. In
this way, black holes are expected to cast shadows on the
bright background which is related to the existence of an
event horizon and therefore an unstable photon region
[8]. The shadow image is of great scientific significance,
it can help us to probe the geometrical structure of the
event horizon and perhaps to measure the angular mo-
mentum parameter of the black hole.
The gravitational deflection of light and particles is not
only an important tool in astrophysics to test the exis-
tence of BHs, or to distinguish BHs from other compact
objects but also to characterize the matter distribution
at galactic or extragalactic scales. Quite amazingly, it
turns out that the deflection angle can be linked with
the topology of the spacetime by means of the Gauss-
Bonnet theorem (GBT) applied to an associated optical
geometry. Namely, Gibbons and Werner [9] showed that,
in asymptotically flat and static spacetimes the deflection
angle can be obtained by integrating the Gaussian optical
curvature over an infinite domain of integration outside
the massive body. This result was generalized to station-
ary spacetimes by Werner applying the Finsler-Randers
geometry [10]. On the other hand, another method was
applied by Ishihara et. al. [11] in order to calculate the
deflection angle using the Gauss-Bonnet theorem. This
method was generalized to stationary spacetimes by Ono
et.al. [12, 13].
Recently a new step forward was put by Crisnejo
and Gallo [1] extending the use of the Gibbons-Werner
method to more general situations where light rays prop-
agate in a plasma environment. In that work the de-
flection angle of test massive particles is also studied us-
ing the Gauss-Bonnet theorem by taking into account a
known correspondence between the dynamic of light rays
in an homogeneous cold nonmagnetized plasma and test
massive particles following geodesics at the same space-
time [14]. This correspondence was extensively used by
other authors in the past. In [15] Bisnovatyi-Kogan and
Tsupko used this correspondence to calculate the deflec-
tion angle of massive particles in static spacetimes in the
weak-field approximation while in [16] and [17] the corre-
spondence was used to study the strong deflection limit.
In [18] it was established for the first time a corre-
spondence between the motion of light rays in a partic-
ular non-homogeneous plasma and the one of relativistic
test charged massive particles in vacuum. In the same
work, the Gauss-Bonnet method was applied to obtain
an expression for the deflection angle in terms of the
components of the energy-momentum tensor in a plasma
environment generalizing in this way previous works re-
stricted to the pure gravity case [19–22].
In many astrophysical situations the effect of the
2plasma medium on the light rays can be neglected but
in others, as for example in the case of light rays propa-
gating in the radio frequency band this is not suitable. A
well know example is the influence of the solar corona on
light rays propagating near to the Sun. The first works
in this regard were made by Muhleman et. al. [23, 24]
who studied the influence of the solar corona on the time
delay and in the light deflection in the weak field approx-
imation. This is a case where a non-magnetized plasma
is a good model of the medium but in other scenarios
could be necessary to consider the presence of a mag-
netic field, that is, to consider a magnetized plasma. A
rigorous derivation of the relation dispersion in this kind
of plasma was presented by Breuer and Ehlers [25–27].
In this work we will only consider cold non-magnetized
plasma for which a very detailed treatment was done by
Perlick in [28]. In the same reference, Perlick derived
an exact closed formula for the deflection angle of light
rays in a Kerr metric surrounded by an arbitrary non-
homogeneous plasma. That expression is found in inte-
gral form in terms of the closest approach distance and
is not limited to weak field regime.
Due to the importance of the plasma on the light rays
its study becomes an active research area in the last years
[15, 16, 29–41].
The purpose of this paper is to extend the results pre-
sented in [1] to stationary spacetimes. To do so we will
make use of a Finsler-Randers type metric. Although
many papers in the literature applies the GBT to differ-
ent stationary metrics, the problem of higher order cor-
rection terms in the deflection angle in stationary space-
times is not in general discussed. Here we fill this gap by
computing in a successfully way the deflection angle in
the weak field regime including up to third order correc-
tion.
The plan of the paper is as follows: In Sec. II, we
shall use the dynamic of light rays in a plasma medium
to introduce the Finsler-Randers metric. In Sec. III, we
review the GBT in stationary spacetimes. In Sec. IV,
we obtain the deflection angle in stationary spacetimes
surrounded by a plasma medium at linear order using the
approach proposed by Ono, Ishihara and Asada in [12].
In Sec. V we extend the Werner’s method to calculate
the deflection angle of massive particles. In Sec. VI we
study the problem of higher order corrections to the de-
flection angle by studying the deflection angle of massive
particles and also light rays propagating in a nonhomo-
geneous plasma medium in a Kerr background. Finally
in Sec. VII we comment on our results. Two appendices
with relevant calculations are also included.
In the following we shall use natural units G = c =
~ = 1 and we adopt the index conventions that Greek
indices run from 0 to 3, early Latin indices (a,b,c,...) run
from 1 to 3 and middle Latin indices (i,j,k,...) run from
1 to 2.
II. OPTICAL METRIC FOR STATIONARY
AXISYMMETRIC SPACETIMES IN A PLASMA
ENVIRONMENT
Let us consider a stationary axisymmetric spacetime
(M, gαβ) filled with a cold non-magnetized plasma de-
scribed by the refractive index n,
n2(x, ω(x)) = 1− ω
2
e(x)
ω2(x)
, (1)
where ω(x) is the photon frequency measured by an ob-
server following the integral curves of a timelike Killing
vector field, and ωe(x) is the plasma frequency given by,
ω2e(x) =
4πe2
me
N(x) = KeN(x), (2)
where e and me are the charge and the mass of the elec-
tron, respectively while N(x) is the number density of
electrons in the plasma. Following the notation intro-
duced in [29] and since then used in other works by other
authors we have used the definition,
Ke =
4πe2
me
, (3)
in Eqn. (2).
Note that only light rays with ω2(x) > ω2e(x) propa-
gate through the plasma.
The dynamic of the light rays in this kind of medium is
usually described through the Hamilton’s equations as-
sociated with the Hamiltonian,
H(x, p) = 1
2
(gαβpαβ + ω
2
e(x)), (4)
with the dispersion relation,
H(x, p) = 0. (5)
As explained by Perlick in [28], this Hamiltonian define
a ray-optical structure on M and even more, under ap-
propriated conditions it is possible to build a reduced
ray-optical structure on a 3-dimensional manifold Mˆ in
order to discuss the spatial paths of light rays.
In this section we will carry out the reduction process
described in [28] (see Theorem 6.5.1 of that reference
for a complete description of this process) to build this
reduced ray-optical structure for an arbitrary stationary
and axisymmetric spacetime given by the line element,
ds2 = g00dt
2 + 2g03dtdϕ+ gabdx
adxb. (6)
To do that, we have to restrict our attention to the re-
gion on the spacetime where the Killing vector field ∂∂t is
timelike and the propagation of light rays is allowed, i.e
ω2(x) > ω2e(x).
First of all we want to remark that the Hamiltonian
(4) can be rewritten as follows,
H = 1
2
(gijpipj + g
33(p3 +
g03
g33
p0)
2 − p20Ω2), (7)
3where
Ω2 :=
(g03)2 − g00g33
g33
− ω
2
e
p20
. (8)
As the metric is stationary, p0 is a constant of motion
which can be identified with the frequency measured by
a stationary observer at infinity, that is, p0 := −ω∞.
Because of the basic equation from which the dynamic
of light rays can be deduced is the dispersion relation
(5), we can multiply the Hamiltonian (7) by a non-zero
function without altering the dynamic of the light rays1.
Then, we have
H = Ω2H˜, (9)
where
H˜(xα, pα) = 1
2
{
Ω−2
[
gijpipj + g
33(p3 +
g03
g33
p0)
2
]
− p20
}
,
(10)
and as we will see Ω is a non-zero function within the
region of interest. In particular, by making use of the
following identities,
(g03)2 − g00g33
g33
= − 1
g00
, (11)
−g
03
g33
=
g03
g00
, (12)
we can express the Hamiltonian (10) as follows,
H˜ = 1
2
(
gijpipj + g
33(p3 − g03g00 p0)2
Ω2
− p20
)
, (13)
with
Ω2 = − 1
g00
(
1− ω
2
e(x)
(p0/
√−g00)2
)
. (14)
As discussed in [28] a reduced ray-optical structure
given by the Hamiltonian H˜ can be simply obtained by
replacing the conserved momentum coordinate p0 by the
constant −ω∞, i.e. the photon frequency measured by an
asymptotic observer. Then, the 3-dimensional reduced
ray-optical structure is defined by the Hamiltonian Hˆ ,
Hˆ(xa, pa) =H˜(xa, pa, p0 = −ω∞)
=
1
2
(
gijpipj + g
33(p3 +
g03
g00
ω∞)
2
Ω2
− ω2∞
)
,
(15)
where
Ω2 = − 1
g00
(
1− ω
2
e(x)
(ω∞/
√−g00)2
)
= − n
2
g00
6= 0; (16)
1 This induces a reparametrization in the Hamilton’s equations.
being n the refractive index of the medium given by
Eqn.(1) and where the gravitational redshift has already
been taken into account,
ω(x) =
ω∞√−g00 . (17)
In this way we can re-write the Hamiltonian (15) as fol-
lows,
Hˆ = 1
2
(gˆab(pa + βˆaω∞)(pb + βˆbω∞)− ω2∞), (18)
where
gˆab(x)
∂
∂xa
∂
∂xb
= −g00
n2
(
gij
∂
∂xi
∂
∂xj
+g33(
∂
∂x3
)2
)
, (19)
and with inverse gˆab (defined as gˆabgˆ
bc = δca) given by,
gˆab =
n2
−g00
(
gab − g0ag0b
g00
)
. (20)
To obtain the above expression we have used the identity,
1
g33
= g33 − (g03)
2
g00
. (21)
On the other hand, βˆa are the components of the one-
form βˆ given by,
βˆ ≡ βˆa(x)dxa = g03
g00
dϕ. (22)
It is important to note that gˆab is a 3-dimensional Rie-
mannian metric and as follows from the Hamilton equa-
tions associated to (18) the motion of light rays are de-
termined by [28],
gˆabx˙
ax˙b = 1, (23)
x¨a + Γˆabcx˙
bx˙c = gˆad
(
∂eβˆd − ∂dβˆe
)
x˙e (24)
where Γˆabc are the Christoffel symbols of the metric gˆab.
From (24) we can see that the if βˆ 6= 0 light rays of the re-
duced optical structure in general do not follow geodesics
with respect to the metric gˆab. For static spacetimes,
they are indeed geodesics of gˆab, and it is known as Ja-
cobi metric.
Finally, the optical path length takes the form,
I = ±
∫ s˜2
s˜1
F(x, x˙)(s˜)ds˜, (25)
where
F(x, x˙) =
√
gˆab(x)x˙ax˙b − βˆa(x)x˙a, (26)
is a Finsler-Randers type metric. According to the Fer-
mat principle light rays between two points of the re-
duced ray-optical structure are the extremes of the func-
tional (25) and in particular they follow geodesics with
4respect to the Finsler-Randers metric F (see [42] for a
detailed treatment on Finsler geometry).
We want to point out that an explicit expression for the
Finsler-Randers metric (26) was obtained for the particu-
lar case of photons propagating in a cold non-magnetized
plasma over a Kerr spacetime by Perlick in [28]. Expres-
sions (20) and (22) are their generalization to any sta-
tionary spacetime, and in fact even when to our knowl-
edge they were not explicitly presented before in the lit-
erature, they are already implicit in [28]. On the other
hand, it was recently reported in [43] an expression of
the Finsler-Randers metric for massive particles propa-
gating in a Kerr spacetime. Expressions (20) and (22)
also contain this particular case through the known cor-
respondence between the motion of test massive particles
in a given stationary axisymmetric spacetime and pho-
tons moving in a homogeneous plasma environment in
the same background. We will use this correspondence
later to discuss the motion of test massive particles.
III. DEFLECTION ANGLE IN STATIONARY
SPACETIMES USING THE GAUSS-BONNET
THEOREM
As it is well known, the Gauss-Bonnet theorem con-
nects the intrinsic geometry of a two-dimensional surface
with its topology.
Precisely, it can be enunciated as follows. Let D ⊂
S be a regular domain of an oriented two-dimensional
surface S with a Riemannian metric g˜ij , the boundary of
which is formed by a closed, simple, piece-wise, regular,
and positive oriented curve ∂D : R ⊃ I → D. Then,∫ ∫
D
KdS +
∫
∂D
kgdl+
∑
i
ǫi = 2πχ(D), σ ∈ I, (27)
where χ(D) and K are the Euler characteristic and Gaus-
sian curvature of D, respectively; kg is the geodesic cur-
vature of ∂D; and ǫi is the exterior angle defined in the
ith vertex, in the positive sense.
In order to apply the Gauss-Bonnet theorem to calcu-
late the deflection angle of light rays propagating in the
equatorial plane in stationary spacetimes we will follow
the procedure described first by Gibbons and Werner in
[9] for the pure gravity case and extended by two of us
to the plasma case [1]. That is, we will apply the Gauss-
Bonnet theorem to a domain DR as in the Fig. 1 but
at difference with the aforementioned works, we will con-
sider in this case that light rays do not necessarily follow
geodesics with respect to the optical metric goptij
2. In all
the cases we are going to consider it is assumedthat light
rays are propagating in the equatorial plane of an station-
ary axisymmetric spacetime. This implies in particular
2 Later, we will identify this optical metric with the metric gˆij .
CR
α
(Mopt, goptij )
R
S
FIG. 1: The points S and R represent the source and receiver
position while γp indicates a light ray emitted by the source
and that reaches the observer. b is identified with the impact
parameter and CR is a semi-circle of radius R connecting S
and R.
that the geodesic curvature of the light rays projected to
the optical manifold is not zero. We obtain the following
expression for the bending angle α,∫ π+α
0
[
κg
dσ
dϕ
]∣∣∣∣
CR
dϕ = π −
(∫ ∫
DR
KdS +
∫
γp
kgdl
)
,
(28)
where the limit R → ∞ in both sides of the equation is
understood. As was mentioned in the past, for asymp-
totically flat spacetimes one has that [kg
dσ
dϕ ]CR → 1 as
the radius of CR goes to infinity which allows to write
the deflection angle in an even more simple way,
α = −
∫ ∫
DR
KdS −
∫
γp
kgdl. (29)
In this work we will restrict our attention to asymptoti-
cally flat spacetimes and by then the expression (29) will
be enough to calculate the deflection angle.
We mention that the expression (29) is similar to the
one obtained by Ono et. al. (see Eqn. (30) in [12]) where
the difference is in the domain of integration because they
are computing finite distance corrections to the deflection
angle and in the present paper we are not interested in
that case.
It has been reported in the literature two different ways
to implement the equation (29) to calculate the deflec-
tion angle in a stationary and axysimmetric spacetime
for the vacuum case. Here, we briefly describe both of
them. One method (developed in [12]) consists in using
the Riemmanian metric gˆab restricted to the equatorial
plane to compute the Gaussian and geodesic curvatures
in (29) to calculate the bending angle. In that case due
5metric, the geodesic curvature associated with γp will
not be zero. In particular, for light rays moving in the
equatorial plane characterized by θ = π/2, its geodesic
curvature can be calculated as follows,
kg = − 1√
gˆgˆθθ
∂rβˆϕ, (30)
where gˆ is the determinant of gˆab.
The other method which was reported by Werner
in [10] for stationary spacetimes in the pure gravity
case consists in building an osculating Riemannian met-
ric from the Finsler-Randers one by using the Nazim’s
method [44]. The advantage of this method is that the
light rays follow geodesics with respect to the resulting
Riemannian metric and by them the second term in (29)
vanishes. The disadvantage is that the computations are
more cumbersome even at linear order.
In the following two sections we will compute the de-
flection angle of light rays propagating in a plasma en-
vironment from the equation (29) in the weak field ap-
proximation.
IV. DEFLECTION ANGLE IN WEAK FIELD
APPROXIMATION USING ONO ET.AL.
APPROACH
We are interested in the computation of the deflec-
tion angle in the weak field regime for an stationary and
axisymmetric spacetime surrounded by a cold-plasma
medium using the method proposed in [12]. In partic-
ular, in this Section we will obtain a general expression
for the deflection angle taking into account first order cor-
rections. That is, we will consider an stationary metric
written as
ds2 = −(1 + ǫ1htt(r, θ))dt2 + (1 + ǫ2hrr(r, θ))dr2
+ 2ǫ3htϕdtdϕ+ r
2(dθ2 + sin2 θdϕ2),
(31)
and we will keep only those terms which are linear in
the bookkeeping parameters ǫ1, ǫ2 and ǫ3. In general is
assumed that htϕ is proportional to a spin parameter a.
We will restrict all the discussion to the equatorial plane
θ = π/2. At the considered order the Finsler-Randers
metric is determined by
gˆabdx
adxb = n2[(1− ǫ1htt + ǫ2hrr)dr2
+r2(1 − ǫ1htt)dϕ2],
βˆ = ǫ3htϕdϕ. (32)
For a cold non magnetized plasma with a charge den-
sity profile of the form N(r) = N0 + N1(r), with N0 =
constant, it follows that the refraction index can be writ-
ten as
n2 = 1− KeN(r)
ω2∞
(1 + ǫ1htt), (33)
where we have used that ω2e = KeN(r) = ω
2
e0+KeN1(r).
The deflection angle is determined by:
α = −
∫ ∫
Dr
KdS︸ ︷︷ ︸
αK
−
∫ S
R
κgdl︸ ︷︷ ︸
αkg
. (34)
Let us start with the computation of the Gaussian cur-
vature at the considered order. It is given by:
KdS = (ǫ2K˜ǫ2 + ǫ1K˜ǫ1 + K˜plasma)drdϕ; (35)
with
K˜ǫ2 =
d
dr
(
hrr
2
)
, (36)
K˜ǫ1 =
d
dr
(
ω2∞rh
′
tt
2(ω2∞ − ω2e0)
)
, (37)
K˜plasma = d
dr
(
KerN
′
1
2(ω2∞ − ω2e0)
)
. (38)
Let us assume that K˜ǫ2 , K˜ǫ1 and K˜plasma are different
from zero, i.e., neither hrr, rh
′
tt or rN
′
1 take constant
values. In the following and the rest of the paper, we
will only consider prograde orbits, that is orbits whose
orbital angular momentum are in the same direction as
the spin of the considered metric.
As we are interested in the first order contribution to
the deflection angle it is enough to integrate along a do-
main Dr where the curve γp is approximated by the path
followed by light rays in the flat background, that is,
straight lines. This is called the Born approximation.
Therefore the equation for γp in the integration domain
Dr can be replaced by the flat geodesic straight line given
by rϕ =
b
sinϕ , while the polar angular coordinate ϕ runs
from 0 to π.
In that situation, the integration of (35) gives
αK =
1
2
∫ π
0
(
ǫ2hrr + ǫ1
ω2∞rh
′
tt
ω2∞ − ω2e0
+
rKeN
′
1
ω2∞ − ω2e0
)∣∣∣∣
rϕ
dϕ.
(39)
As we will see in Sec. VIA, for higher order corrections
this approximation should be improved.
Let us see αkg ,
αkg =
∫ π
0
(
kg
dl
dϕ
)∣∣∣∣
rϕ
dϕ. (40)
The geodesic curvature kg obtained from (30) is given by,
kg = −ǫ3
h′tϕ
r
ω2∞
ω2∞ − ω2e0
+O(ǫ3ǫ1, ǫ23). (41)
On the other hand for prograde orbits,
dl
dϕ
=
√
ω2∞ − ω2e0
ω∞b
r2
∣∣∣∣
rϕ
. (42)
6Then,
αkg = −
∫ π
0
ǫ3
b
(
rω∞h
′
tϕ√
ω2∞ − ω2e0
)∣∣∣∣
rϕ
dϕ. (43)
Finally the following expression for the deflection angle
results,
α =
1
2
∫ π
0
(
ǫ2hrr + ǫ1
ω2∞rh
′
tt
ω2∞ − ω2e0
+
rKeN
′
1
ω2∞ − ω2e0
−ǫ3
2rω∞h
′
tϕ
b
√
ω2∞ − ω2e0
)∣∣∣∣
rϕ
dϕ.
(44)
For static spacetimes (ǫ3 = 0) this expression can be
compared to the one obtained by Bisnovatyi-Kogan and
Tsupko in [15] (see Eqn. (30) on that reference). The
expression (44) is given in radial coordinates instead of
the Cartesian ones used in [15] but after a change of
coordinates and integration by part it can be shown that
they are completely equivalent.
The case of retrograde orbits can be analyzed in a sim-
ilar way under a correspondent domain D′r, resulting in
a similar expression to (44) but with an opposite sign
in the last term. Alternatively, it can be understood as
a result that the motion of a retrograde photon (with
orbital angular momentum pϕ < 0) in the original coor-
dinate expression for the metric (with positive spin a and
starting in the asymptotic region in ϕS = 0 and with the
receiver position at ϕR = −π) is equivalent to the motion
of a photon with positive angular momentum pϕ > 0 in a
metric of the same coordinate form as (31) but obtained
by replacing a by −a and studying orbits starting in the
asymptotic region in ϕS = 0 and ending in ϕR = π.
It is worthwhile to note that unlike the exact ex-
pression for the deflection angle in terms of the clos-
est approach distance in the Kerr spacetime for non-
homogeneous plasma derived by Perlick in [28], in the
practice it is usually more convenient to work with an
approximate expression in terms of the impact param-
eter instead of the closest approach distance because it
is a parameter at infinity. Therefore, for applications in
the weak-field approximation the expression (44) is more
convenient to the one obtained by Perlick in [28]. Of
course, the expression for the deflection angle described
in [28] is not limited to the weak field regime, and it must
be full considered in the case of strong deflection. In Sec.
VI we will derive an expression for the deflection angle
with the same characteristics of (44) in the Kerr space-
time and for different electronic density profiles taking
into account higher order corrections.
A. Correspondence between homogeneous plasma
and massive particles
As is well known there exist a correspondence between
the motion of a photon in a cold non magnetized plasma
and the motion of a test massive particle in the same
background [14]. This correspondence is obtained by
identifying the electronic frequency of the plasma ~ωe
with the mass m of the test massive particle and the
total energy E = ~ω∞ of a photon with the total en-
ergy E∞ = m/(1 − v2)1/2. With this identification at
hand, and by setting the bookkeeping parameters as
ǫ2 = ǫ1 = ǫ3 = 1, we can express the deflection angle
for test massive particles as follows,
αmp =
1
2
∫ π
0
(
hrr +
rh′tt
v2
− 2srh
′
tϕ
bv
)∣∣∣∣
rϕ
dϕ, (45)
with s = +1 for prograde orbits and s = −1 for ret-
rograde ones. As applications of this expression in the
next subsection we will consider the propagation of a test
massive particle in a Kerr-Newmann background and in
a rotating Teo wormhole.
1. Kerr-Newman spacetime
Let us consider a Kerr-Newman spacetime given by the
following line element at first order in a,M and Q2,
ds2 =− (1 − 2M
r
+
Q2
r2
)dt2 − 4aM sin
2 θ
r
dtdϕ
+ (1 +
2m
r
− Q
2
r2
)dr2 + r2(dθ2 + sin2 θdϕ2)
+O(M2, a2, aQ2).
(46)
By restricting our attention to the equatorial plane θ =
π/2 we have,
htt(r) = −2M
r
+
Q2
r2
, (47)
hrr(r) =
2M
r
− Q
2
r2
, (48)
htϕ(r) = −2aM
r
. (49)
Using the expression (45) we obtain the deflection an-
gle for prograde/retrograde orbits of massive particles,
αmp =
2M
b
(
1 +
1
v2
)
− πQ
2
4b2
(
1 +
2
v2
)
− 4saM
b2v
, (50)
which coincides with the one obtained in [45] for un-
charged particles.
2. A rotating Teo wormhole
As a second application, let us consider a rotating Teo
wormhole described by the line element,
ds2 = −N2dt2+ dr
2
1− b0r
+r2K2
[
dθ2 + sin2 θ(dϕ− ωdt)2]
(51)
7where
N = K = 1 +
(4a cos θ)2
r
, (52)
and
ω˜ =
2a
r3
. (53)
In order to apply the expression (45) to calculate the de-
flection angle of massive particles at the equatorial plane
in this spacetime, it is enough to consider the line element
(51) at first order in the parameters b0 and a:
ds2 = −dt2 + (1 + b0
r
)dr2 + r2dϕ2 − 4a
r
dtdϕ+O(b20, a2).
(54)
In this case we can identify,
htt = 0, hrr(r) =
b0
r
, htϕ(r) = −2a
r
. (55)
By using the expression (45) for the deflection angle of
prograde/retrograde orbits we finally obtain,
αmp =
b0
b
− 4sa
b2v
+O(b
2
0
b2
,
a2
b2
), (56)
which coincides with the one obtained in [46].
V. DEFLECTION ANGLE IN WEAK FIELD
APPROXIMATION USING WERNER’S
APPROACH: A CASE OF MASSIVE PARTICLES
We show here that an alternative method proposed by
Werner to compute the deflection angle of light rays in
stationary spacetimes, can also be used to describe the
motion of test massive particles. Due to this method
needs the non trivial construction of an osculating Rie-
mannian metric even in the situation of a linearized and
slowly rotating source is a cumbersome task to derive an
equation like (45). For this reason, using this approach
we will show its effectiveness by recovering the results
previously presented for the Kerr spacetime.
A. Kerr spacetime
Let us consider the Kerr metric in the equatorial plane
θ = π/2 given by
ds2 = −
(
1− 2M
r
)
dt2 +
r2
∆
dr2 − 4aM
r
dtdϕ
+
(
r2 + a2 +
2Ma2
r
)
dϕ2 (57)
where
∆ = r2 − 2Mr + a2. (58)
In what follows we will use the metric (57) to find
out the deflection angle of of massive particles. To-
wards this purpose let us find the corresponding Finsler-
Randers metric for the Kerr metric. It is well known
that a Finsler-Randers metric F with manifold M and
x ∈ M, X ∈ TxM is characterised by the Hessian given
as [10]
gij(x,X) =
1
2
∂2F 2(x,X)
∂X i∂Xj
. (59)
Using the correspondence between the motion of pho-
tons in a homogeneous plasma and the motion of test
massive particles as discussed in the subsection (IVA)
we can study the propagation of test massive particles
over the Kerr spacetime.
In particular the particle of mass m is assumed leaving
the asymptotic region with a speed v as measured by an
asymptotic observer and therefore with an energy
E∞ =
m√
1− v2 . (60)
In the same way let us assume that the particle has an
angular momentum
J =
mvb√
1− v2 . (61)
As before, our lensing setup is adapted for prograde or-
bits. Then, we can consider the massive particle as prop-
agating through an effective medium with refraction in-
dex given by,
n2(r) = 1−m
2
E2
(1− 2M
r
) = 1−(1−v2)
(
1− 2M
r
)
. (62)
The associated Finsler-Randers type metric reads,
F
(
r, ϕ,
dr
dt
,
dϕ
dt
)
=
[
1− (1− v2)
(
1− 2M
r
)]1/2
×
[
r4∆
(∆− a2)2
(
dϕ
dt
)2
+
r4
∆(∆− a2)
(
dr
dt
)2]1/2
− 2Mar
∆− a2
dϕ
dt
. (63)
As we have said before, according to the Fermat’s
principle in general relativity test massive particles (due
to the correspondence with photons in a homogeneous
plasma) follow geodesics curves with respect to the
Finsler-Randers type metric F . That is, test massive
particles follow geodesics given by the condition,
0 = δ
∫
γF
F(x, x˙)dt. (64)
It is worth noting that γF represent a geodesic of
the Kerr-Randers optical metric F . Following Werner’s
8method [10], one can now construct a Riemannian mani-
fold (M, g¯) which osculates the Randers manifold (M,F)
using the so-called Nazım’s method [44]. In particular,
one can choose a vector field X¯ tangent to the geodesic
γF , with X¯(γF ) = x˙, and the new metric characterised
by the Hessian
g¯ij(x) = gij(x, X¯(x)). (65)
At this point, we recall the striking property according
to which the geodesic γF of the Finsler-Randers manifold
is also a geodesic γg¯ of (M, g¯), in other words γF = γg¯ (
for details see [10]). In what follows we are going to use
the osculating Riemannian manifold (M, g¯) to compute
the deflection angle of a test massive particle. At leading
order, it suffices to use the Born approximation for the
path of light ray (r(ϕ) = b/ sinϕ). Near the light ray,
one can choose the vector field as follows
X¯r = − cosϕ+O(a,M), (66)
X¯ϕ =
sin2 ϕ
b
+O(a,M). (67)
As shown in the next subsection for asymptotically flat
spacetimes the deflection angle will be given by,
αmp = −
∫ ∫
DR
KdS, (68)
where K and dS are the Gaussian and surface element
associated with the osculating optical metric g¯.
1. Gaussian optical curvature and deflection angle
Let us now proceed to use of the osculating Rie-
mannian manifold (DR, g¯) in a domain (M, g¯) with the
boundary ∂DR = γg¯ ∪ CR. In that case, one can apply
the GBT stated as∫∫
DR
K dS +
∮
∂DR
κ dt = 2πχ(DR)− (θR + θS) = π, (69)
with K being the optical Gaussian curvature and κ =
|∇γ˙ γ˙| the geodesic curvature. Furthermore we have used
the fact that the sum of exterior jump angles at S and
R satisfies θR + θS → π and the Euler characteristic
χ(DR) = 1. In this way, letting R→∞ the GBT reduces
to the following form
∫∫
DR
K dS +
∮
CR
κ dt
R→∞
=
∫∫
D∞
K dS +
π+αˆ∫
0
dϕ, (70)
integrated over the optical domain D∞ outside the light
ray γg¯. In addition we have used the fact that since
γg¯ is geodesic one must have κ(γg¯) = 0. Thus in the
limit R→∞ it is not difficult to show that the geodesic
curvature yields
κ(CR)→ 1
vR
. (71)
While for a constant radial coordinate the optical metric
yields
dt =
[√[
1− (1− v2)
(
1− 2M
R
)]
R4∆
(∆− a2)2
− 2aMR
∆− a2
]
dϕ→ vRdϕ. (72)
Combining these expressions we find
lim
R→∞
[
κ(CR)
dt
dϕ
]
CR
→ 1. (73)
In other words, the deflection angle (66) is immediately
obtained.
Finally we can compute the corresponding metric com-
ponents g¯ of the osculating Riemannian geometry as well
as the Gaussian optical curvature K. Applying the Hes-
sian (59), along with the vector field Eqn. (66), we find
the following expressions
g¯rr = v
2 +
2(1 + v2)M
r
− 2Marv sin
6 ϕ(
r2 sin4 ϕ+ cos2 ϕ b2
)3/2 +O(M2b2 , a
2
b2
), (74)
g¯ϕϕ = r
2v2 + 2Mr − 2Mav sin
2 ϕr(2 sin4 ϕr2 + 3 cos2 ϕb2)(
r2 sin4 ϕ+ cos2 ϕ b2
)3/2 +O(M2b2 , a
2
b2
) (75)
g¯rϕ =
2avM cos3 ϕ
r
(
r2 sin4 ϕ+cos2 ϕ b2
b2
)3/2 +O(M2b2 , a
2
b2
), (76)
and the determinant given by
det g¯ = r2v2 + 2v2Mr(v2 + 2)− 6Mav
3r sin2 ϕ√
r2 sin4 ϕ+ cos2 ϕ b2
+O(a2,M2). (77)
9Indeed one can easily observe that in the limit v = 1, these equations reduces to light deflection case [10]. The
Gaussian optical curvature is defined by the following relation
K = R¯rϕrϕ
det g¯
=
1√
det g¯
[
∂
∂ϕ
(√
det g¯
g¯rr
Γ¯ϕrr
)
− ∂
∂r
(√
det g¯
g¯rr
Γ¯ϕrϕ
)]
. (78)
Making use of the above expression we find the following result in leading order terms
K = −M (v
2 + 1)
v4r3
+
M a
r2v3
f(r, ϕ) +O(M
2
b4
,
a2
b4
) (79)
where
f(r, ϕ) =
1(
r2 sin4 ϕ+ cos2 ϕ b2
)7/2(30 cos4 ϕ sin8 ϕb2r3 − 6 sin14 ϕr5 + 12 cos2 ϕ sin10 ϕb2r3
− 48 cos4 ϕ sin7 ϕb3r2 − 24 cos2 ϕ sin9 ϕb3r2 − 30 cos6 ϕ sin4 ϕb4r − 27 cos4 ϕ sin6 ϕb4r
− 12 cos2 ϕ sin8 ϕb4r + 12 cos6 ϕ sin3 ϕb5 + 6 cos4 ϕ sin5 ϕb5
)
. (80)
Using the equations (79) and (80) and following (68)
the deflection angle can be expressed as follows,
αmp = −
π∫
0
∞∫
b
sinϕ
(
−M(v
2 + 1)
v2r2
+
Ma
rv
f(r, ϕ)
)
dr dϕ.
(81)
Finally by evaluating the above integral we find
αmp =
2M
b
(
1 +
1
v2
)
− 4Ma
b2v
, (82)
which coincides with (50) by setting Q = 0. In the limit
v = 1, we do recover the deflection angle of light by a
Kerr black hole [47–49]. In this way we show that it is
also possible to calculate the deflection angle of massive
particles using the Werner’s method, or equivalently to
study the motion of photons in a homogeneous plasma.
In order to study the propagation of photons in a non-
homogeneous plasma we prefer to apply the method dis-
cussed in section IV because it is more direct. We are
going to study this case in Section VIA.
For completeness, and in order to show how Werner’s
method is a bit more cumbersome to obtain the deflection
angle, in Appendix (A) we apply it again to calculate the
deflection angle in the rotating Teo spacetime.
VI. HIGHER ORDER CORRECTIONS TO THE
DEFLECTION ANGLE
A. Deflection angle of massive particles up to third
order in a Kerr background
As we have shown, at linear order the expression (45) is
a general formula that follows from the use of the Gauss-
Bonnet method, and therefore at this order it is not nec-
essary to repeat the computations of the Gaussian and
geodesic curvatures for each one of the linearized metrics
under study.
However, in order to compute higher order corrections
a general formula is not so convenient. Moreover, at
higher order, the Born approximation will not be enough,
and the integration domain will explicitly depend on the
details of the orbit. To our best knowledge, all the ex-
isting computations for the deflection angle in stationary
spacetimes based in the Gauss-Bonnet theorem have been
limited to find linear order corrections due to the intrin-
sic spin of these metrics (See [13, 50, 51] to cite some
examples).
Now we will procedure to fill this gap by computing the
deflection angle for test relativistic massive particles in a
Kerr background including third order corrections, that
is containing terms of higher order as M
3
b3 ,
M2a
b3 and
Ma2
b3 .
In particular, we will see that for the case of massless par-
ticles our general expression reduces to a known formula
obtained in the past using other techniques [49, 52].
As mentioned above, at higher order we need to go
beyond the Born approximation. In particular, in order
to compute third order corrections, we need to know the
orbit of the massive/massless particle at second order.
Before to do that let us write the general expression for
the orbit in the equatorial plane of a general stationary
spacetime given by the metric:
ds2|θ=π
2
= −Adt2 − 2Hdtdϕ+Bdr2 +Ddϕ2. (83)
From the Hamiltonian H = 12 (gαβpαpβ +m2), it follows
that the orbit equation for the prograde orbit of a parti-
cle which is assumed leaving the asymptotic region with
a speed v as measured by an asymptotic observer and
therefore with an energy and angular momentum given
by Eqn.(60) and (61) is given by(
duγ
dϕ
)2
=
u4γ∆
(H +Abv)2B
[−∆(1−v2)+D−2Hbv−Ab2v2)];
(84)
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with ∆ = AD +H2 and where uγ = 1/rγ . For massless
particles (v = 1) it reduces to the expression given in
[12].
Let us concentrate on the Kerr spacetime, for other
stationary metrics the procedure will be similar. In that
case the metric components at the equatorial plane are
given by:
A = 1− 2M
r
, (85)
H =
2aM
r
, (86)
B =
r2
∆
, (87)
D = r2 + a2 +
2a2M
r
; (88)
with ∆ = r2 + a2 − 2Mr.
In this case, the orbit equation reduces to:(
duγ
dϕ
)2
=
1 + a2u2γ − 2Muγ
[2Muγ(a− bv) + bv]2
[
2M(a− bv)2u3γ
+ v2(a2 − b2)u2γ + 2M(1− v2)uγ + v2
]
.
(89)
As we are working in the weak regime, let us consider the
bookkeeping parameters
γ =
M
b
≪ 1; δ = a
b
≪ 1. (90)
As we are interested in an expression for the deflection
angle which be correct up to third order in these param-
eters, that is an expression containing terms of the form
γ3, γ2δ and γδ2, we need to know uγ at second order in
these parameters, that is, we require an expression for u
of the form:
uγ = u0+u1γ+u2δ+u3γ
2+u4δγ+u5δ
2+O(γ3, γδ2, δγ2, δ3).
(91)
By putting this ansatz into Eqn.(89), and by imposing
the asymptotic condition that limϕ→0 u = 0, results in
the following iterative solution for uγ :
u0 =
sinϕ
b
,
u1 =
(cosϕ− 1)(v2 cosϕ− 1)
bv2
,
u2 =0,
u3 =− 1
16bv2
[
12ϕ cosϕ(4 + v2) + 3v2 sin(3ϕ)
+ (11v2 − 16) sinϕ− 16 sin(2ϕ)(1 − v2)
]
u4 =− 2(1− cosϕ)
bv
,
u5 =
sin3 ϕ
2b
.
(92)
The fact that u5 (proportional to
a2
b2 ) is different from
zero even for a flat spacetime (M = 0) should be ex-
pected because the coordinates r, ϕ are spheroidal instead
or spherical, and therefore at order a2 in this coordinates
the straight geodesic line is not given by r = b/ sinϕ. For
the same reason, the fact that u2 is zero (proportional to
a
b ), should also be expected because when M = 0, the
correspondent flat metric depends on a2, and therefore
at linear order in a the coordinates behave as the stan-
dard polar coordinates.
From (20) we obtain the associated optical metric:
gˆrr =
n2r4
(r2 − 2Mr)∆ , (93)
gˆϕϕ =
n2r2∆
(r − 2M)2 . (94)
with the refractive index given by Eqn.(62).
Now we proceed to compute the deflection angle using
Eqn.(34). Before to do that, we must to define the inte-
gration domain. This domain will be bounded from be-
low by the orbit under analysis determined by rγ ≡ 1/uγ
and r = ∞ from above. For the angular coordinate ϕ,
we have set the source position at ϕS = 0, and for the
position of the observer we must to set ϕR = π + α
(1),
with α(1) the first order correction in the mass to the de-
flection angle, that is, in our case given by the first term
of Eqn.(50). The reason that second order contributions
to α are not needed to add to ϕR can be found in [53].
In fact, in that reference we show that to obtain second
order constructions to the deflection angle the approxi-
mation ϕR = π was enough. We will back to this issue
later.
At the consider order KdS reads;
KdS =
[(
1 +
1
v2
)
M︸ ︷︷ ︸
KˆM
+
(
1 +
6
v2
− 4
v4
)
M2u︸ ︷︷ ︸
Kˆ
M2
+
3
2
(
1 +
15
v2
− 20
v4
+
8
v6
)
M3u2︸ ︷︷ ︸
Kˆ
M3
+3
(
1 +
1
v2
)
a2Mu2︸ ︷︷ ︸
Kˆ
Ma2
]
dudϕ,
(95)
and therefore the contribution to the deflection angle in
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terms of uγ reads
αK =
∫ π+ 2M
b
(1+ 1
v2
)
0
∫ uγ
0
(KˆM + KˆM2 + KˆM3 + KˆMa2)dudϕ
=
2M
b
(1 +
1
v2
) +
3π(4 + v2)
4v2
M2
b2
+
2(15v2 + 5v6 + 45v4 − 1)
3v6
M3
b3
− 2π(1 + v
2)
v3
aM2
b3
+
2(1 + v2)
v2
a2M
b3
+O(M
4
b4
,
M3a
b4
,
M2a2
b4
,
Ma3
b4
).
(96)
Let us remark that in the integration of the angular vari-
able, appear some trigonometric functions that must be
valued in ϕR, and therefore they must be re-expanded
in terms of γ and δ around π. As anticipated above, it
can be checked by direct computation that if instead of
taking ϕR = π + α
(1) we take ϕR = π + α
(1) + α(2),
(with α(2) been formed by terms of order δ2 = M2/b2
and δγ = Ma/b2)) the contribution to αK of the re-
sulting new terms are of higher than third order. It is
easily seen from the fact that the only terms that could
potentially contribute at third order to the deflection an-
gle (by introducing second order corrections in ϕR) arise
from the integration in the angular variable of∫ uγ
0
K˜Mdu = (1 + 1
v2
)
M
b
sinϕ+O(M2,Ma2,M3).
(97)
However, as the integration of (97) in the angular vari-
able will produce a term proportional to
M cosϕR =M cos
(
π + a1
M
b
+ a2
Ma
b
+ a3
M2
b2
+O(Ma
2
b2
,
M3
b3
)
)
,
(98)
with a1, a2, a3 constants, it follows that after re-
expanding this term in powers of M , only the first term
in M of ϕR (proportional to a1) will contribute at the
desired third order. Hence, in order to compute the de-
flection angle up to third order, we need to know the orbit
a second order and the deflection angle at first order. Us-
ing the same argument it can be shown that in order to
know the deflection angle at n order using (34), we need
to know the orbit at n− 1 order and the deflection angle
at n− 2.
To finalize, we need also to compute the contribution
ακg to the deflection angle. In our case
βˆ = − 2Mar
r2 − 2Mrdϕ. (99)
The associated geodesic curvature is given by
κg =− 2aM√
r(r − 2M)[2Mr(1− v2) + r2v2]
∣∣∣∣
rγ
. (100)
On the other hand, dl is obtained from
dl =
√(
gˆrr(
dr
dϕ
)2 + gˆϕϕ
)∣∣∣∣
rγ
dϕ. (101)
At the considered order we obtain that κgdl is given by
κgdl
∣∣∣∣
rγ
= dϕ
[
− sinϕ
v
2Ma
b2
+
2(cosϕ− 1)(2v2 cosϕ+ 3v2 + 1)
v3
M2a
b3
]
.
(102)
Hence, the contribution ακgto α is obtained from
ακg =
∫ ϕR
0
κgdl ≈
[
− 4Ma
b2v
− 2π(1 + 2v
2)
v3
M2a
b3
]
.
(103)
Taking cognizance of (96) and (103); and by using the
adimensional parameter aˆ = aM (which for a black holes
must satisfy |aˆ| ≤ 1) the resulting deflection angle reads
α =
2M
b
(
1 +
1
v2
)
︸ ︷︷ ︸
α(1)
+
[
3π
4
(
1 +
4
v2
)
− 4aˆ
v
]
M2
b2︸ ︷︷ ︸
α(2)
+
[
2
3
(
5 +
45
v2
+
15
v4
− 1
v6
)
− 2π(2 + 3v
2)aˆ
v3
+
2(v2 + 1)aˆ2
v2
]
M3
b3︸ ︷︷ ︸
α(3)
.
(104)
For massless particles it reduces to:
α =
4M
b
+
[
15π
4
− 4aˆ
]
M2
b2
+
[
128
3
− 10πaˆ+ 4aˆ2
]
M3
b3
;
(105)
which agrees with known expressions [49, 52]. As in the
previous cases, for retrograde orbits we must to change
the sign of the terms which are linear in aˆ. Therefore, we
have shown that the method proposed by Ono et.al.[12]
can be applied in a successfully way to compute the de-
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FIG. 2: Different contributions to the total deflection angle
Eqn.(104) for a lens with parameters M = 4.1 × 106M⊙ and
aˆ = 0.6 in terms of the speed v of the test massive particle.
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FIG. 3: Different contributions to the total deflection angle
for a homogeneous plasma with ωe = constant (obtained from
Eqn.(104) by replacing v2 by 1−ω2e/ω
2
∞). We consider a lens
with parameters M = 4.1× 106M⊙, aˆ = 0.6 and b = 100M .
flection angle to higher order for stationary spacetimes,
and moreover, it can be applied to massive particles. We
are not aware of a previous presentation of (104) in the
literature.
Note also that using the correspondence between the
motion of test massive particles and photons in an ho-
mogeneous plasma, (104) also gives the deflection an-
gle of light rays with frequency ω∞ in a homogeneous
plasma characterized by ωe = constant, by simply re-
placing v in (104) by the group velocity vgr of the light
ray in plasma given by vgr = n0 =
√
1− ω2e/ω2∞ in
units where c = 1. In Fig.(2) and Fig.(3) we consider a
black hole with parameters similar to the super-massive
black hole in the center of our galaxy Sgr A*, namely
we take M = 4.1× 106M⊙, aˆ = 0.6 and we assume that
b = 100M . In both figures, we plot the different contri-
butions α(1), α(2) and α(3) to the total deflection angle.
In (2) we plot the α(i)’s components in terms of the veloc-
ity of the massive particle and in Fig.(3) in terms of the
quotient ωe/ω∞. For both situation we consider prograde
and retrograde orbits (s = ±1) and also the nonspinning
case aˆ = 0.
In Appendix (B) we will present and alternative deriva-
tion of (104) using a method originally proposed by
Aazami, Keeton and Petters [49].
B. Deflection angle of light rays in a
non-homogeneous plasma up to third order in a
Kerr background
Let us consider a stationary and axysymmetric space-
time surrounded by a cold nonmagnetized plasma and
whose restriction to the equatorial plane has the form
(83). In such a situation, the orbit equation can be de-
rived to the Hamiltonian (4) resulting in(
du
dϕ
)2
= −u
4(ω2e∆−Dp2t − 2Hptpϕ +Ap2ϕ)∆
B(−Hpt +Apϕ)2 (106)
In general for a prograde photon propagating in a plasma
environment pt = −~ω∞ and pϕ = −ptbn0, with b the
impact parameter and n0 the asymptotic value of the
refraction index. In the next discussion we assume that
the electronic number density profile is given by,
ωe0 = 0, N1(r) =
N˜0
rk
, (107)
with N˜0 a given constant and k a positive integer num-
ber. In the case of spherically symmetric spacetimes a
detailed discussion of the leading order contribution to
the deflection angle and also to associated optical quan-
tities produced by this kind of density profiles was carried
out by Bisnovatyi-Kogan and Tsupko in[15]. In partic-
ular, this family of profiles can be useful in the study
of plasma environments in galaxies and galaxy-clusters.
Note also, that for the case of the supermassive black hole
in the center of our galaxy Sgr A*, a plasma density pro-
file with a radial dependence of the form r−1.1 has also
been considered by different authors[54, 55]. Even when
it is not exactly in the family described by Eqn.(107), for
k = 1 we can have an estimation of the behaviour of the
deflection angle for this kind of system. Higher powers of
k (including k = 6 and k = 16) also appear in the discus-
sion of light ray propagation in an extended solar corona
model[53, 56–59], In [15] analytical closed expressions
for the deflection angle were derived for any k. To higher
order, a general expression is more difficult to obtain,
and the intermediate steps are not very illustrative. For
this reason, in the following we only consider the cases
k = {1, 2, 3}, showing in detail the way to proceed for the
case k = 2, and only given the final expressions for the
other two cases. For any other value of k not considered
in this work, the expression for the deflection angle can be
found in exactly the same way as in the case k = 2. Note
also that our final expressions can not only be used when
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the rotation of the spacetime is taken into account, they
can also be useful for spherically symmetric spacetimes
if higher order corrections due to the presence of plasma
need to be considered. In the following, we also assume
that the frequency ω∞ of the photon at the asymptotic
region is much bigger than the value of plasma electronic
frequency ω˜e ≡ ωe(b) at r = b. That is, we assume that
ǫ =
ω˜2e
ω2
∞
≪ 1. Note that for the present situation, n0 = 1.
Hence, the orbit equation can be rewritten as(
du
dϕ
)2
= −u
4[ω2e∆− (D + 2Hb−Ab2)ω2∞]∆
Bω2∞(H +Ab)
2
(108)
Let us restrict our attention to the Kerr metric with the
functions A, H , B and D given by (85)-(88). Using the
ansatz,
u =u0(ϕ) + uM (ϕ)γ + ua(ϕ)δ + uǫ(ϕ)ǫ + uMa(ϕ)γδ
+ uǫ a(ϕ)ǫ a+ uMǫ(ϕ)γǫ+ uM (ϕ)γ
2 + ua2(ϕ)δ
2
+ uǫ2(ϕ)ǫ
2,
(109)
and by imposing the asymptotic condition that
limϕ→0 u = 0, result in the following iterative solution
for uγ :
u0 =
sinϕ
b
, (110)
um =
(cosϕ− 1)2
b
, (111)
ua = uǫ a = 0, (112)
uǫ = −cosϕ(tanϕ− ϕ)
2b
(113)
uMa = −2(1− cosϕ)
b
(114)
uMǫ = − (cosϕ− 1)(cosϕ+ ϕ sinϕ− 1)
b
, (115)
uM2 = −
1
4b
[3 sinϕ cos2 ϕ+ 15ϕ cosϕ (116)
−2 sinϕ(1 + 8 cosϕ)],
ua2 =
sin3 ϕ
b
, (117)
uǫ2 = −
[(ϕ2 − 3) sinϕ+ 3ϕ cosϕ]
8b
(118)
At the considerer order KdS reads;
KdS =
[
2M︸︷︷︸
KˆM
−2b2ǫ u︸ ︷︷ ︸
Kˆǫ
+3M2u︸ ︷︷ ︸
Kˆ
M2
+12Mb2ǫ u2︸ ︷︷ ︸
KˆMǫ
−4b4ǫ2u3︸ ︷︷ ︸
Kˆ
ǫ2
+6M3u2︸ ︷︷ ︸
Kˆ
M3
−10b2ǫM2u3︸ ︷︷ ︸
Kˆ
ǫM2
+6Ma2u2︸ ︷︷ ︸
Kˆ
Ma2
+30Mb4ǫ2u4︸ ︷︷ ︸
Kˆ
Mǫ2
−4b2ǫ a2u3︸ ︷︷ ︸
Kˆ
ǫ a2
−6b6ǫ3u5︸ ︷︷ ︸
Kˆ
ǫ3
]
dudϕ.
(119)
In order to compute the deflection angle to higher or-
der, we also need to know the expression for the deflec-
tion angle at first order. It can be directly obtained from
Eqn.(44) with the result:
α(1) =
4M
b
− πǫ
2
− 4Ma
b2
. (120)
Therefore the contribution αK to the deflection angle in-
cluding third order terms is determined by3
αK =
∫ ϕR=π+α(1)
0
∫ uγ
0
KdS
=
4M
b
− ǫπ
2
+
15πM2
4b2
− 4Mǫ
b
+
3
8
πǫ2 +
128M3
3b3
− 4π aM
2
b3
− 45πǫM
2
8b2
+
4a2M
b3
+
8Maǫ
b2
+
4Mǫ2
b
− 3πǫ a
2
4b2
− 5π
16
ǫ3.
(121)
The geodesic curvature reads,
κg = − 2Mau
3
[1− ǫ b2u2(1 − 2Mu)]√1− 2Mu
∣∣∣∣
uγ
(122)
while dl is given by
dl =
√(
gˆrr(
dr
dϕ
)2 + gˆϕϕ
)∣∣∣∣
rγ
dϕ
=
√√√√(gˆrr( 1
u2
du
dϕ
)2
+ gˆϕϕ
)∣∣∣∣
uγ
dϕ
=
[1− ǫ b2u2(1− 2Mu)](1 + a2u2 − 2Mu)
u2[2aMu+ b(1− 2Mu)](1− 2Mu)
∣∣∣∣
uγ
dϕ.
(123)
Hence,
κgdl =− 2Mau(1 + a
2u2 − 2Mu)
(1− 2Mu)3/2[2aMu+ b(1− 2Mu)]
∣∣∣∣
uγ
dϕ
≈
[
− 2Ma
b2
sinϕ+
4aM2
b3
(cosϕ+ 2)(cosϕ− 1)
+ cosϕ(tanϕ− ϕ)aMǫ
b2
]
dϕ
(124)
3 As in Section (VIA), it can be checked that adding terms to ϕR
with corrections of order 2 in γ, δ and ǫ (note that the last term
in Eqn.(120) is one of them) do not contribute to the deflection
angle at the considered order. More precisely, the only terms
that could potentially produce corrections by adding these extra
terms come from the integration of K˜M and K˜ǫ. However using
similar arguments as in Section (VIA) it can be shown that the
only terms that contribute at the considered order, are in fact
the first two terms present in α(1).
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Therefore, the contribution ακg to α is
ακg =
∫ ϕR
0
κgdl ≈
[
− 4aM
b2
− 6π aM
2
b3
+
4aMǫ
b2
]
.
(125)
Finally, collecting the results of eqs.(121) and (125),
and writing them in terms of aˆ = a/M we obtain:
α = αvac + αp (126)
with
αp ≈ − ǫπ
2
+
3
8
πǫ2 − 5
16
πǫ3 − 4Mǫ
b
+
4Mǫ2
b
−
[
45
2
π − 48aˆ+ 3π aˆ2
]
ǫM2
4b2
,
(127)
the contribution due to the presence of the plasma and
αvac the value of the deflection angle for light rays prop-
agating in vacuum as given by Eqn.(105).
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FIG. 4: Leading order contribution to the deflection angle for
a lens with parameters M = 4.1 × 106M⊙ and aˆ = 0.6 and
different plasma density profiles of the form N(r) = N˜0r
−k.
We assume that b = 100M . Here α
(1)
vac = 4M/b and α
(1)
p = −ǫ
for k = 1, α
(1)
p = −ǫπ/2 for k = 2 and α
(1)
p = −2ǫ for k = 3.
All of them are particular cases of the expression (131). Here
ǫ ∈ [0.01, 0.018].
The first three terms in Eqn.(127) represent the con-
tribution to the deflection angle due to pure plasma and
the rest of the terms give the contribution to the de-
flection angle due to the coupling between plasma and
gravitational effects. As before, the deflection angle for
retrograde orbits is obtained from (127) by changing the
sign in all the terms linear in aˆ.
The contribution of each component to the deflection
angle will depend on the parametersM,a, b and the quo-
tient ǫ between the electronic frequency of the plasma
and the photon frequency ω∞.
Now, we write without derivation expressions for the
deflection angle in the cases k = 1 and k = 3 obtained
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FIG. 5: Higher order contribution to the deflection angle for
a lens with parameters M = 4.1 × 106M⊙ and aˆ = 0.6. We
assume that b = 100M . Here α
(2,3)
vac = αvac−α
(1)
vac and α
(2,3)
p =
αp − α
(1)
p . ǫ ∈ [0.01, 0.018]. As in Fig.(4) each of them is
considered for the different density profiles determined by k =
1, 2 and 3.
using similar steps. For k = 1, i.e. N = N˜0/r, the final
expression for the deflection angle reads:
α = αvac + αp, (128)
with αp given by
αp = −ǫ+ 1
12
ǫ3 − πMǫ
2b
+ (2πaˆ− aˆ2 − 8)ǫM
2
b2
. (129)
Note that for this case, there is not a pure plasma con-
tribution at second order in ǫ. Similarly, for k = 3, i.e.
N = N˜0/r
3, the contribution αp to the deflection angle
reads:
αp = −2ǫ+15π
16
ǫ2− 16
3
ǫ3− 9πMǫ
4b
+(6πaˆ−4aˆ2−32)ǫM
2
b2
.
(130)
In all the cases, the linear term in ǫ can be considered as
particular cases of the known expression obtained in the
past by Giampieri[57] and reobtained in a more general
context by Bisnovatyi-Kogan and Tsupko in [15]:
α(1)p = −ǫ
√
π
Γ(k+12 )
Γ(k2 )
(131)
with Γ(x) the Gamma function.
In Fig.(4) we consider a black hole with the same pa-
rameters as in Fig.(2) and Fig.(3) assuming again that
b = 100M . We plot the leading order contribution to
the deflection angle given by α
(1)
vac = 4M/b and α
(1)
p for
the considered cases in terms of ǫ ∈ [0.01, 0.018]. For
this range of values, the deflection angle produced by the
plasma is of the same order as the Kerr vacuum angle
(but with opposite direction). That is, as is well known,
and can also be directly seen from Eqn.(44) the effect of
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a non uniform plasma that decays with r is to produce
a divergent lens effect. Note that for the same ǫ value,
the faster the plasma profile decays, the greater the diver-
gence effect on the light rays. Of course, it is a chromatic
effect, and different values of ǫ will contribute at differ-
ent ways. Similarly, in Fig.(5) we plot the contribution
to the deflection angle due to the rest of the terms in αvac
and αp for the three considered plasma density profiles.
The case s = ±1 corresponding to prograde/retrograde
orbits respectively. For completeness, we also plot the
contributions to the deflection angle for a nonrotating
BH (aˆ = 0).
VII. CONCLUSION
In this paper we have used the Gauss-Bonnet theo-
rem to study the gravitational deflection of massive par-
ticles and light rays in stationary spacetimes. For that
purpose we have obtained a Finsler-Randers type met-
ric which was utilized to calculate the deflection angle
of light rays and massive particles. More specifically,
using the Finsler-Randers metric for stationary space-
times along with the correspondence between the motion
of light rays in a plasma medium and relativistic test
massive particles we have extended the recent method
proposed by Werner. As particular examples we have ob-
tained the deflection angle in a rotating black hole and
a rotating wormhole geometry. However, the most im-
portant result arising from our study, is the fact that we
have been able to obtain higher order corrections in the
expression for the deflection angle in the Kerr spacetime
background applying the Ono et.al. approach. We sub-
sequently analysed also the deflection angle for test mas-
sive particles and light rays propagating in a non homo-
geneous cold plasma by including third order correction
terms.
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Appendix A: Rotating Teo wormhole trought the
Werner method
For completeness, we apply the Werner method to the
rotating Teo solution given by the Eqn.(51). In the equa-
torial plane θ = π/2, for the linearized case we find the
corresponding Kerr-Randers optical metric given by
F
(
r, ϕ,
dr
dt
,
dϕ
dt
)
=
[
1− (1− v2)]1/2
×
[
r2
(
dϕ
dt
)2
+
r
r − b0
(
dr
dt
)2]1/2
− 2a
r
dϕ
dt
.(A1)
In a similar way as in the Kerr metric, we can con-
struct a Riemannian manifold (M, g¯) which osculates the
Randers manifold using a vector field X¯ tangent to the
geodesic γF , such that X¯(γF ) = x˙. Finally going through
the same procedure as in the case of Kerr black hole, for
the metric components of the osculating Riemannian ge-
ometry we find the following equations
g¯rr =
v2r
r − r0 −
2 sin6 ϕr2av
(r − r0)b3
[
r cos2 ϕ
r−b0
+ r
2 sin4 ϕ
b2
]3/2 +O(a2b2 ), (A2)
g¯ϕϕ = r
2v2 − 6r
2va sin2 ϕ
(
2r(r − b0) sin4 ϕ+ 3b2 cos2 ϕ
)
3(r − r0)b3
[
r cos2 ϕ
r−b0
+ r
2 sin4 ϕ
b2
]3/2 +O(a2b2 ), (A3)
g¯rϕ =
2vra cos3 ϕ
(r − b0)2
[
r cos2 ϕ
r−b0
+ r
2 sin4 ϕ
b2
]3/2 +O(a2b2 ), (A4)
with the determinant given as
det g¯ =
r3v4
r − b0 +
6ar3v3 sin2 ϕ
(
r sin4 ϕb0 − r2 sin4 ϕ− cos2 ϕb2
)
(r − b0)2b3
[
r cos2 ϕ
r−b0
+ r
2 sin4 ϕ
b2
]3/2 +O(a2). (A5)
Using the above relations we find the following result for the Gaussian optical curvature
K = − b0
2v2r3
+
3a sin2 ϕ
r3v8
f(r, ϕ) +O(a
2
b4
) (A6)
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where
f(r, ϕ) =
1[
r2 sin4 ϕ+b2 cos2 ϕ
b2
]5/2 [
r2 sin4 ϕ+ b2 cos2 ϕ
]7/2
[(
− 2 sin8 ϕb2r4 − 3b4r2 cos2 ϕ sin4 ϕ− cos4 ϕb6
)
× v7
[
r2 sin4 ϕ
b2
+ cos2 ϕ
]7/2
+
(
4r6 sin12 ϕ− b2r4 sin10 ϕ+ b2r4 cos2 ϕ sin8 ϕ+ 8b3r3 cos2 ϕ sin7 ϕ
+
(−10b2r4 cos4 ϕ+ 4b4r2 cos2 ϕ) sin6 ϕ+ 16b3r3 cos4 ϕ sin5 ϕ+ 13b4r2 cos4 ϕ sin4 ϕ− 2b5r cos6 ϕ sin2 ϕ
+ 10b4r2 cos6 ϕ sin2 ϕ− 4b5r cos6 ϕ+ b6 cos6 ϕ
)
v7
[
r2 sin4 ϕ+ b2 cos2 ϕ
b2
]5/2 ]
. (A7)
From (68) the deflection angle can is given by,
αmp = −
π∫
0
∞∫
b
sinϕ
(
− b0
2vr2
+
3a sin2 ϕ
r2v8
f(r, ϕ)
)
dr dϕ.
(A8)
Evaluating this expression the deflection angle results
αmp =
b0
b
− 4a
b2v
, (A9)
which completely agrees with (56).
Appendix B: Deflection of light rays up to the third
order in a Kerr spacetime using direct integration
As an independent check of our expression for the de-
flection angle given by (104) we will use a direct inte-
gration of the orbit equation following a straightforward
extension of the method presented by Aazami, Keeton
and Petters and Hansen in [49] orignally introduced to
study null geodesics.
The orbit equation for both prograde (s = +1) and
retrograde orbits (s = −1) in the equatorial plane can be
reexpressed as:
dϕ
dr
= ± s
√
rb(r − 2MF )
[a2 + r(r − 2M)]
√
r3 + b2(2MF 2 −Gr) + 2MΓ r2 , (B1)
where
F ≡ 1− s a
bv
= 1− saˆM
bv
, (B2)
G ≡ 1− a
2
b2
= 1− aˆ2M
2
b2
, (B3)
Γ =
1− v2
v2
. (B4)
Expression (B1) reduces to Eqn.(B14) of [49] in the case
of null rays (Γ = 0). The deflection angle is obtained as
in the usual way by
α = 2
∫ ∞
r0
∣∣∣∣dϕdr
∣∣∣∣dr − π, (B5)
where r0 the value of the radial coordinate at the closest
approach to the lens. The relation between the impact
parameter b and r0 follows from require
dr
dϕ
∣∣∣∣
r=r0
= 0,
which from (B1) implies that
r30 + b
2(2MF 2 −Gr0) + 2mΓ r20 = 0. (B6)
The positive real solution of the last equation is
b =
√
r0 + 2MΓ√
G− 2Mr0 F 2
. (B7)
By substituting Eqn.(B7) into (B1), and changing the in-
tegration variable r in Eqn.(B5) by x = r0r , the deflection
angle is determined by the following expression:
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α = 2
∫ 1
0
√
1 + 2Γh(1− 2hFx)
(1 − 2hx+ aˆ2h2x2)
{
G(1 − x2)− 2F 2h(1− x3) + Γ(1− x)h[2Gx− 4x(1 + x)F 2h]
}1/2 dx− π; (B8)
with h =M/r0.
By assuming that h≪ 1, we can do a Taylor expansion
in h of the integrand of (B8), which after integration and
conserving terms up to third order in h gives,
α = b0π+a1h+(a2+b2π)h
2+(a3+b3π)h
3+O(h4); (B9)
with
b0 = (
1
G1/2
− 1), (B10)
a1 =
2{2[G(1− F ) + F 2] + ΓG}
G3/2
, (B11)
a2 = −a1F
2 + ΓG
G
, (B12)
b2 =
15F 4 − 4G(F − 1)(3F 2 + 2G)− 2aˆ2G2 + 4ΓG[3F 2 + 2G(1− F )]
4G5/2
, (B13)
a3 =
1
3G7/2
{
122F 6 − 90F 4(F − 1)G− 16F 2(−4 + aˆ2 + 4F )G2 + 8(4 + aˆ2(F − 2)− 4F )G3
+ Γ[12G2(1− F )(9F 2 + 4G) + 153F 4G− 12aˆ2G3] + Γ2(30G3(1− F ) + 48G2F 2) + 7Γ3G3
}
, (B14)
b3 = −2b2F
2 + ΓG
G
. (B15)
These expressions generalize the results found in [49] to
the case of test massive particles. We can also write the
deflection angle in terms of an expansion in γ = M/b
using that h can be perturbatively obtained from (B7),
h =
1√
G
γ +
F 2 + ΓG
G2
γ2 +
5F 4 + ΓG(6F 2 + ΓG)
2G7/2
γ3
+O(γ4).
(B16)
In terms of γ the deflection angle reads:
α = A0π +A1γ +A2γ
2 +A3γ
3 +O(γ4), (B17)
with
A0 = b0, (B18)
A1 =
a1√
G
, (B19)
A2 =
a1(F
2 + ΓG) +G(a2 + b2π)
G2
, (B20)
A3 =
1
2G7/2
{[
6a1ΓF
2 + 4F 2(a2 + b2π)
]
G
+
[
Γ(Γ a1 + 4a2 + 4b2π) + 2(a3 + b3π)
]
G2
+ 5a1F
4
}
(B21)
Of course, as F and G are already functions of γ, the
Ai coefficients must be expanded in γ, and after that, by
replacing in Eqn.(B17) we recover the deflection angle as
given by Eqn.(104) with the linear terms in aˆ multiplied
by s.
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